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Highlights

Bidomain Multi-order Modeling for Image Dehazing

Zihao Chen, Hao Shen, Chenxu Wu, Junling Li, Wei Wang, Wenqgi Ren

e A novel spatial-frequency multi-order modeling framework is proposed as an ef-

ficient alternative to mainstream global modeling paradigms for image dehazing.

e The functional Spatial Interaction Unit and Frequency Aggregation Unit en-
able robust spatial and frequency feature learning with the aid of the Spatial-

Frequency Uncertainty estimation.

o Experiments on multiple benchmark datasets demonstrate the superiority of our

approach in terms of dehazing performance and computational overhead.
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Abstract

Though transformer-dominated global modeling designs have achieved impressive
performance gains in single image dehazing task, they usually require a high memory
footprint and computation budget compared with computationally efficient convolu-
tional counterparts. In this work, we identify two key ingredients behind existing global
modeling paradigms, i.e., high-order spatial interactions and channel evolution, and
also take into account the distinguished frequency characteristics associated with haze
degradation, thereby presenting a novel yet effective spatial-frequency (i.e., bidomain)
multi-order modeling block, termed BMMB. Our BMMB is implemented based on a
spatial-frequency multi-order modulation architecture, i.e., spatial multi-order modu-
lation and frequency multi-order modulation units, in which 1) the spatial interaction
is achieved through more efficient convolution coupled with element-wise dot-product
operations; 2) followed by, a novel Fractional Fourier Transform (FRFT) is introduced
to perform information aggregation instead of the commonly used FFN architecture
within transformer; 3) moreover, we also introduce the spatial-frequency uncertainty
that is capable of incorporating the degradation priors into feature learning within
the above two process, achieving robust representation ability. Overall, the proposed

BMMB is a general and plug-and-play design that can be easily extended to arbitrary
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high orders conditioned on the task requirements. Extensive experiments demonstrate
that our method yields a favorable performance against other state-of-the art methods
on multiple datasets including synthetic and real world ones. The code is available af-
ter possible acceptance. Extensive experiments demonstrate that our method achieves
favorable performance against state-of-the-art methods on multiple synthetic and real-
world dehazing datasets with competitive computational overhead. The code is avail-
able at https://anonymous.4open.science/r/BMMB-Dehazing-257A.

Keywords: Image dehazing, Global modeling, Bidomain, Multi-order

1. Introduction

Haze refers to a common meteorological phenomenon that exerts substantial influ-
ence on both our daily activities and machine vision systems. For example, haze often
significantly diminishes visibility and impairs people’s ability to perceive and identify
objects in the surroundings, posing a potential hazard to traffic safety. In terms of com-
puter vision tasks, hazy images usually affect model performance in other high-level
vision applications, such as scene understanding [1] and object detection [2]. This is
attributed to their degraded visual quality, which results in misleading assessments by
machine vision systems.In light of the pressing demand for clean images in real-world
vision tasks, image dehazing technology has garnered considerable attention from aca-
demic and industry communities [3, 4].

Over the past several years, deep learning technology has made a big hit in com-
puter vision, demonstrating impressive performance improvements in low-level and
high-level visual applications. In image dehazing, a flood of deep learning techniques,
primarily built on convolutional neural networks (CNNs), have been proposed to learn
the mapping relationship between clear images and corresponding hazy counterparts
in an end-to-end manner [5-9]. Although CNN-based dehazing approaches have made
remarkable progress compared with traditional algorithms, they are still bottlenecked
by the limited receptive fields inherent in convolution, failing to model the global fea-
ture dependencies. Recently, transformer-based global modeling paradigms have be-

come popular in image dehazing tasks, significantly outperforming CNN-based ap-



proaches [10-13]. However, there are some common limitations within these archi-
tectures: 1) compared with CNN-based counterparts, they often require substantial
computational resources due to the dense self-attention computation in cascaded trans-
former designs; 2) they struggle to effectively capture local features, leading to inac-
curacies in the reconstruction of fine-grained details.

FSDGN [6] first presents a spatial-frequency dehazing framework, revealing that
haze degradation primarily resides in the amplitude spectrum. This observation pro-
vides a frequency-domain prior for image dehazing. Following this, many spatial-
frequency methods [14—17] have been proposed to improve dehazing performance by
leveraging the complementary strengths of both domains: the spatial domain com-
plements and refine local texture details, while the frequency domain captures global
structural information. Despite their effectiveness, existing methods are unable to dis-
tinguish the reliability of different frequency components, hindering further improve-
ment for frequency-sensitive image dehazing tasks. UDL-SR [18] is the first to in-
corporate spatial uncertainty into image dehazing through supervised information and
feature extraction. It reveals the correlation between uncertainty and degradation, and
shows that uncertainty estimation improves performance. However, although this spa-
tial domain uncertainty models pixel-wise reliability by identifying unreliable predic-
tions and severely degraded regions, it cannot directly reflect the restoration reliability
of high-frequency components in the frequency domain, which is critical for image
dehazing. In light of the aforementioned concerns, we contemplate whether it is possi-
ble to offer an efficient global modeling design that embraces the merits of both CNN
and transformer, while considering image degradation priors. In light of the afore-
mentioned concerns, we contemplate whether it is possible to offer an efficient global
modeling design capable of embracing the merits of both CNN and transformer, while
also considering the inherent priors associated with the image degradation process.

In this work, we delve into the key ingredients behind the prevailing global mod-
eling paradigms illustrated in Fig. 1. Specifically, Fig. 1 (a) distills the general global
modeling rule into two fundamental components: high-order spatial interaction and
channel evolution, while Fig. 1 (b), (c) and (d) instantiates three prevailing alternatives.

However; these paradigms rarely explore higher-order interactions in both spatial and
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Figure 1: Illustration of (a) the general global modeling rule and three prevailing alternatives: (b) Trans-
former based [19, 20], (c) Frequency based [21], and (d) Context (CTX) modeling based [22, 23]. ® and
O represent the matrix multiplication and element-wise multiplication, respectively; DFT and IDFT are the
Fourier and inverse Fourier transform. These prevailing global modeling paradigms are mainly built upon
the high-order spatial interactions in a single domain, simply neglecting the potential of higher-order interac-
tions in both spatial and channel dimensions across diverse domains. FFN denotes the feed-forward network,
which is typically implemented by MLP layers.

channel dimensions, as well as their potential across different domains. Herein, we
propose an innovative yet effective spatial-frequency (referred to as bidomain) multi-
order modeling block, termed BMMB, tailored for the dehazing task. Overall, the key
insight of our method is to develop an efficient global modeling alternative, enabling
the consideration of haze priors. Our core building design, BMMB, is implemented
based on a spatial-frequency modeling architecture, including a Spatial Interaction
Unit (SIU) and a Frequency Aggregation Unit (FAU). Inside BMMB, specifically, 1)
SIU employs efficient convolutions coupled with element-wise dot-product operations
to accomplish high-order spatial interactions, enabling it to capture hierarchical fea-
tures encompassing global and local information. 2) Following, FAU introduces an
innovative Fractional Fourier Transform (FRFT) to perform information aggregation,
enabling it to achieve any intermediate feature representation between spatial and fre-
quency domains. 3) Moreover, we also introduce the Spatial-Frequency Uncertainty
(SFU), which is capable of incorporating the degradation priors into feature learning
within the above two components, achieving robust feature representation. Extensive
experiments on multiple widely recognized datasets demonstrate the applicability of
our dehazing framework assembled by the proposed BMMB. In summary, the primary

contributions of this study can be outlined as follows:



e We explore an innovative yet effective spatial-frequency multi-order modeling
block (BMMB), which serves as an efficient alternative to mainstream global

modeling paradigms tailored for dehazing learning.

e Inside our core design BMMB, the Spatial Interaction Unit (SIU) is capable
of learning both global and local information; the Frequency Aggregation Unit
(FAU) offers any intermediate feature representation between spatial and fre-
quency domains, enabling more effective feature integration; the Spatial-Frequency
Uncertainty (SFU) is introduced to achieve more robust representation ability

and better interpretability within SIU and FAU.

e By incorporating spatial-frequency uncertainty, the network jointly models pixel-
wise reliability and high-frequency recovery difficulty, thereby adaptively focus-

ing on high-frequency details while reliably preserving low-frequency structures.

e Extensive experiments over multiple widely recognized datasets demonstrate
that our dehazing framework yields favorable performance compared with other

cutting-edge approaches with less computational overhead.

2. Related Work
2.1. Efficient Global Modeling.

Very recently, many efforts have been dedicated to alleviating some long-standing
and challenging limitations inherent in transformer architecture [20, 24, 25] dominated
global modeling designs, such as high memory footprint and computation budget. Cur-
rently, there are two promising strategies: the first solution is committed to overcoming
the constraint of the Softmax function in self-attention computation, while the second
research line focuses on exploring more efficient convolution alternatives. For exam-
ple, Han et al.[26] propose a novel Focused Linear Attention module that replaces the
conventional Softmax function with a simple mapping function. Qiu et al.[27] lever-
age the first-order Taylor expansion of self-attention, enabling the matrix multiplicative
associate law, to reduce the computational complexity. Despite higher computational
efficiency, they suffer from significant performance degradation compared to their Soft-

max counterparts. FocalNet [22] and HorNet [23] are two admirable techniques that
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Figure 2: Illustration of the Fractional Fourier Transform (FRFT). We demonstrate the disentangling capa-
bility of the FRFT using a composite signal, which can be readily separated into a square wave and a partial
sine wave after applying the FRFT with an order of k = 0.6 (indicated by the purple line).

customize the efficient convolution modules to mimic the spatial interactions within
self-attention, presenting competitive performance with favorable computational over-
head in comparison to their self-attention counterparts. By contrast, Zheng et al.[28]
delve into high-order channel-wise interactions and put forward a novel Rubik’s cube
convolution operator. Although these high-order based on convolutional operations
show promising performance, there is still room for exploration. For instance, the FFN
used in transformer architecture is usually used to perform information aggregation, yet
the intrinsic hierarchical characteristics of the high-order modeling mechanisms are ig-
nored. Besides, these higher-order operations are usually implemented within a single

domain, with limited exploration of higher-order modeling across diverse domains.

2.2. Frequency Domain Image Restoration.

Frequency information has gained widespread application [6, 14, 29, 30] in im-
age restoration tasks, due to the innate image disentanglement abilities and global

relationships of the Fourier transform. Hu et al.[6] propose a spatial-frequency net-



work for image dehazing by observing the amplitude-phase relationships between the
haze image and the corresponding clear image. Kong et al.[21] devise an efficient
frequency-based alternative to conventional self-attention based on the convolution the-
orem. Zhou et al.[14] propose an efficient Fourier global modeling framework for im-
age restoration by analyzing the key ingredients behind the transformer architecture.
SFIR [29] integrates a multi-scale spatial enhancement module and a frequency am-
plitude modulation module to jointly model spatial structures and frequency-domain
amplitude information, leading to enhanced image restoration performance. Though
demonstrating the promising performance of frequency information, existing methods
rarely explore the intermediate disentangled feature representations between the spatial
and frequency domains. Very recently, Hu er al.[30] introduce the Fractional Fourier
Transform (FRFT) to attain continuous spatial and frequency representations of im-
ages. Given the flexibility of FRFT as illustrated in Fig. 2, we endeavor to integrate it
with higher-order convolutions that involve hierarchical feature representation, thereby

implementing an efficient multi-order spatial-frequency modeling.

2.3. Applications of Uncertainty in Image Restoration.

Recently, there has been a surge of interest in the deep learning and image restora-
tion fields regarding Bayesian uncertainty. The trend is rooted in the recognition that
uncertainty quantification transcends enhancing performance and provides a critical
measure for assessing both the reliability and robustness of the restored images. For
instance, Uncer2Natural [31] addresses the problem of unsupervised image denois-
ing by estimating the aleatoric uncertainty in the noisy image and reducing its effect,
enabling the model to focus on the degraded and textured regions. Ning et al.[18]
propose a new adaptive weighted loss for image super-resolution, enhancing deep net-
work training by prioritizing regions of high uncertainty. Liu et al.[32] propose a novel
dual-domain learning framework to quantify spatial and spectral Bayesian uncertainty
in image super-resolution. This enables a reliability assessment and reasoning from
both the spatial and frequency domain perspective. However, the exploration of uncer-
tainty applications in image dehazing is nascent. As far as we know, the [33] is the

first work contributing novel methodologies and insights about the spatial uncertainty
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Figure 3: Overview of the proposed image dehazing framework. It is implemented using the key bido-
main multi-order modeling (BMM) block within a fundamental U-Net architecture. Each BMM block
comprises a spatial interaction unit (SIU) and a frequency aggregation unit (FAU), both integrated with a
spatial-frequency constraint. V?i“ and Vfa“ denote the variance of the features from SIU and FAU of the /-th
BMM block, respectively, characterizing their prediction uncertainty.

in image dehazing. It exploits the relationship between the uncertain and confident rep-
resentations and adaptively enhances the learned features, by estimating the aleatoric
and epistemic uncertainty together. While no one has explored the frequency domain
uncertainty in image dehazing, we will investigate the bidomain epistemic uncertainty
in our work, which can help our module achieve more robust representation ability and

better interpretability.

3. Methodology

As illustrated in Fig. 3, the proposed BMMB comprises three fundamental com-
ponents: spatial interaction unit, frequency aggregation unit, and spatial-frequency un-
certainty. In this section, we will first present the details of each core building design,
then conclude the overall architecture, and finally, the related loss function adopted in

our image dehazing experiments will be elaborated.

3.1. Spatial Interaction Unit

As commonly acknowledged, global information is paramount for pixel-level im-
age restoration tasks, but local details should not be underestimated, especially con-

cerning visual effects. In light of this, recent endeavors have been made to mimic
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Figure 4: The detailed structure of the proposed spatial interaction unit (SIU) and frequency aggregation unit
(FAU), where CA denotes channel attention.

the key designs within transformer architecture using basic convolution operations and
element-wise multiplications, enabling it to model both global and local dependen-
cies. Motivated by these promising designs, herein, we devise a novel yet effective
convolution-based spatial interaction unit. However, unlike existing high-order convo-
Iution operators that are implemented only in spatial or channel dimensions, our design
incorporates both the spatial-wise and channel-wise multi-order interactions.

As detailed in Fig. 4, given an input feature X € Rf*W*Cin we first evenly divide it

into N groups along the channel dimension, which can be formulated as follows:

[gOa gl, g29 Y gN*l] = Spht(X)’ (1)

where Split(-) denotes the channel split operation, and g; € RHXWX% ,ie{0,1,--- ,N—
is the i-th group. Subsequently, the first group is projected through a point-wise con-
volution, while the remaining N — 1 parts are performed by depth-wise convolution

(DConv), which can be written as:

8o = Convixi(go),

gk =¢(gk)’k€{l7“' 7N_ 1}’

@

where Conv () is the point-wise convolution, and ¢(-) denotes the DConv.

Next, let us introduce the basic operation within our design. Using g; and g, as



inputs, the corresponding 1-order spatial-channel operation can be obtained:

Y1 = CA(go ©g1) © Convixi (g © 1), 3)

where © is the element-wise multiplication, CA(-) denotes the channel attention, and
Y1 can be regarded as the output of the 1-order spatial-channel interaction.

After obtaining the 1-order spatial-channel interaction, we can further employ it to
achieve multi-order spatial-channel interactions, thereby enhancing the model expres-
siveness. Formally, the multi-order spatial-channel interactions can be successively

expressed as follows:

¥2 = CA(y1 ©22) © Convixi (Y1 ©2),

3 = CA(y, ©'g3) © Convixi(y2 ©g3), @

Yk = CA(Yk-1 ©8k) © Convix (Yi-1 © k),

Finally, we conduct the element-wise multiplication between the advanced feature
generated by the multi-order spatial-channel interactions and the original input feature

to obtain the output of the proposed spatial interaction unit:
Osu =¥k O X, &)

where Oy, is the output of the SIU module. Through recursive spatial-channel multi-
order interactions, the SIU progressively expands its effective receptive field despite
relying on local kernels. This enables it to simultaneously capture fine local details and
aggregate broader contextual information, thereby endowing the module with strong

representation capabilities.

3.2. Frequency Aggregation Unit

The Fractional Fourier Transform (FRFT), recognized as a potent signal processing
technique, can achieve continuous spatial and frequency representations of images by
manipulating the order k. Given a 2D signal f(x,y) € R?, its FRFT can be formulated

as follows:

+00 +00
FPrP2(y,v) = f f f(x, Y)Kp, p, (X, ¥, u, v)dxdy, 6)

10



where FP'P2(u, v) represents the transformed signal, p; and p, denote the fractional
transform orders along the horizontal and vertical directions, respectively, and K, ,,x.y.u.v)
denotes the corresponding FRFT transform kernel. When p;, p» # 0, 1, the kernel can

be written as:

( Jo ) )+ ( JOP ) g )
s

KPI:P2 (X, Y’ u, V) o A(l,ﬂe 2tana sina 2tanB sinf
- - 7
A= \/(1 — jeota)(1 — jcotfB) - piT 5= por @
a/aﬁ - 271' > - 2 s - 2 9

where Ko, Ko,1, K0, Kj,; denote ¢ functions, indicating that the signal exists in the
single spatial domain or frequency domain. By employing the Wigner-Ville distribu-
tion, we can characterize the FRFT transformed signal as the rotation of this distribu-
tion in the spatial domain. Thanks to this, we adopt an alternative approach for the real-
ization of the FRFT [34]. To be specific, we first shift the input features to interchange
the central and edge portions. Following this, tailored matrix multiplication is applied
independently to the left and right components. The left component executes vertical
transformations, while the right component executes horizontal transformations, which

can be expressed as follows:
Fr(-) = Maty ® Shift(-) ® Maty, ®)

where Fr(-) represents the FRFT operator, Shift(-) donates the shift operation applied
to the matrix, ® indicates the matrix multiplication, Maty and Maty are the vertical and
horizontal transform matrices, respectively.

Considering the flexibility of FRFT in continuous spatial-frequency feature repre-
sentation, we devise an innovative frequency aggregation unit (FAU) by introducing
the FRFT to conduct effective feature refinement. As displayed in Fig. 4, the output of

the SIU is firstly separated into M parts along the channel dimension as follows:

[21, 22, ..., 2zm] = Split(Ogiy), )

where z; € RHXWX%, ie{l,2,---,M} denotes the i-th segment. Then, we employ
a 3x3 convolution to address the first group in the spatial domain, and perform the
Fourier transform on the last segment. The FRFT is applied to the middle segments to

obtain the intermediate feature representation between spatial and frequency domains.

11



The detailed procedure is formulated as follows:

71 =7 = Fi'(z)),
Z = F Yz, ke {2, , M =1}, (10)

Zm = F(zm) = FiM 7 (zy),

where Fr¥(-) represents the FRFT operator with p; = py = ﬁ - 5, and () is Fourier
transform.
Following that, the point-wise convolution is employed to refine the disentangled

feature information, which can be written as follows:
uy, = o(Convix(z)), k € {1, ,M}, an

where o(-) denotes the activation function, fil’( is refined features. Finally, we transfer
all features back to spatial domain and concatenate them, with a convolution group to

merge all these features before output, formulated as follows:
Otaw = Conv( ) \(Trans™ @), k € {1, , M}, (12)
K

where Oy, is the output of the FAU, and Trans~!(-) represents the corresponding iFRFT
(inverse FRFT) of each Fr*(-). Based on an adjustable transform order p, FAU flexibly
achieves continuous and learnable feature aggregation from the spatial domain to the
frequency domain. In synergy with the spatial-channel multi-order interactions of SIU,

it effectively enhances the network’s dehazing capability.

3.3. Spatial-Frequency Uncertainty

Bayesian deep learning frameworks are adept at capturing two distinct forms of
uncertainty: aleatoric uncertainty, which originates from the inherent noise present
within the observational data; and epistemic uncertainty, which represents the uncer-
tainty within the model itself and stems from the lack of knowledge or the imperfect-
ness of the designed model [35]. The former is irreducible and arises from data itself,
such as sensor noise or variations in the hazing process, which cannot be controlled or
reduced by improving the model. Thus in our work, we only consider the latter and

further extend our proposed BMMB to the Bayesian framework.

12



Given training data X = {Iy, ..., In}, Y = {I7, ..., I}, X is hazing data, and Y is the
clear ground truth data. Bayesian learning aims to compute the posterior distribution

over the plausible model parameters p(6|X,Y) and find a model B(X;0) — Y:

_ PYIX, 6)p(6)

pOIX,Y) = p(YX) 13)

Based on this, we can generate the dehazing output for a new input I’ by integrating

over all possible model parameters:

pd™ | TI,X,Y) = fp(I’* [ T,0)p@ | X, Y)do. (14)

Nonetheless, the integral is intractable, and the posterior distribution cannot be
assessed analytically either, leading to various existing approximations. Dropout vari-
ational inference is a practical approach for approximating inference in large mod-
els [36]. We utilize it to perform multiple stochastic forward computations and gen-
erate multiple Monte Carlo (MC) samples both in the training and inference phases.
Subsequently, Bayesian uncertainty is deduced from the dispersion in predicted MC
samples. While pixel-wise variance functions as the spatial uncertainty indicator, it
is inappropriate for frequency uncertainty due to substantial variation in the dynamic
range across frequencies. Instead, we adopt the Coefficient of Variation (CV) statis-

tic [32, 37] as the measure of frequency uncertainty.

3.4. Overall Network and Optimization

To demonstrate the effectiveness of the proposed BMMB, our image dehazing
framework is implemented by using a common multi-scale U-Net architecture, which
possesses a L-level symmetric encoder-decoder structure. In particular, embedding
only one proposed spatial-frequency multi-order modeling block at each level of the
encoder-decoder empowers our model to attain competitive performance.

Overall, in addition to the final dehazed output Ty, our U-Net [38] architecture
will have two finite sampling distributions of the prediction at each intermediate level,
ie. {Sf}thl and {Fi}tT:l, where [ = 1, ..., L. The former represents the outputs from SIU,
and the latter is from FAU. For the two intermediate finite predicted distributions, we

can easily compute the mean S; and F,, variance \771“ and Vfa“, CV Vim and CV \A/fa“.

13



For better capturing the multi-scale details that are essential for reconstructing a clear
image from a hazy one, and enabling the desired uncertainty to reflect the degradation
priors, we supervise the intermediate predicted distributions and output simultaneously
by the L; norm distance. In this manner, uncertainty estimation is explicitly involved

in the intermediate prediction and supervision process:
L&
1 T * T *
L = f;ull—l,ul + lfow — Tl (15)

where I, = {S§;,F,} and [7 is the resized ground truth for each level intermediate output.

Similarly, in the frequency domain, we adopt the following loss function:

A >, s 3
Le= T 3 1) = F DI+ 17 Qo) - 7Ol (16)
=1

The final loss function is given by L = Lg + A;L¢. In our experiments, A; and A, are set

to 0.01 and 0.1, respectively.

4. Experiments and Analysis

We perform extensive experiments to showcase the efficacy of our proposed BMMB.
In this section, the results, compared to other existing methods, will offer a more pro-
found understanding of the performance achieved by our proposed module. The abla-

tion studies will demonstrate the effectiveness of our customized units.

4.1. Experimental Setup

Datasets and Evaluation. In our study, the SOTS-indoor (ITS) and SOTS-outdoor
(OTS) subsets from the RESIDE dataset [39] are employed as the training dataset, en-
suring equitable comparisons with existing dehazing approaches. The assessment of
synthetic image dehazing performance is carried out on the SOTS subset. For eval-
uating the robustness of our BMMB in real-world scenarios, we utilize two widely
employed real-world datasets, specifically NH-HAZE [40] and Dense-Haze [41].
Metrics. We adopt widely used image quality assessment indicators, including peak
signal-to-noise ratio (PSNR) and structural similarity index (SSIM) [42], to quantita-
tively evaluate dehazing performance. For a fair comparison, all metrics are calculated

on the full RGB color images.

14



Table 1: Quantitative comparisons of various methods on dehazing benchmarks. The best and second-
best results are highlighted in bold and underlined, respectively

Method Venne | SOTS-indoor | SOTS-outdoor | NH-Haze | Dense-Haze | Overhead

[PSNRT SSIMT | PSNRT SSIMT | PSNRT SSIMT | PSNRT SSIMT | #Param  MACs

DCP [45] TPAMI’ 10 16.62 0.818 19.13 0.815 10.57 0.520 12.72 0.442 - 0.6G

DehazeNet [5] TIP’ 16 19.82 0.821 24.75 0.927 16.62 0.524 13.84 0.430 0.01M 0.6G
GFN [46] CVPR’18 22.30 0.880 21.55 0.844 18.16 0.671 - - 0.50M 14.9G
GDN [47] ICCV’19 32.16 0.984 30.86 0.982 13.80 0.537 14.96 0.536 0.96M 21.5G
MSBDN [48] CVPR’20 33.67 0.985 33.48 0.982 19.23 0.706 15.13 0.555 | 31.35M 41.54G
FFA-Net [49] AAAT20 36.39 0.989 33.57 0.984 19.87 0.692 15.70 0.549 4.46M  287.8G
AECR-Net [50] CVPR’21 37.17 0.990 - - 19.92 0.672 14.88 0.505 2.6IM 522G
MAXIM-2S [51] CVPR’22 38.11 0.991 34.19 0.985 - - - - 14.10M  216.0G
SGID-PFF [52] TIP’22 38.52 0.991 30.20 0.975 - - 12.49 0.517 13.87TM  156.4G
Restormer [24] CVPR’22 38.88 0.991 - - - - 15.78 0.548 | 26.10M 141.0G
FSDGN [6] ECCV’22 38.63 0.990 - - 19.99 0.708 1691 0.581 273M  19.57G
Dehamer [11] CVPR’22 36.63 0.988 35.18 0.986 20.66 0.684 16.62 0.560 | 132.5M  60.3G
DehazeFormer-M [10] TIP’23 38.46 0.994 34.29 0.983 - - - - 4.63M  48.64G
MBTFormer [13] ICCV’23 40.71 0.992 3742 0.989 - - 16.66 0.560 2.68M  38.50G
DEA-Net [53] TIP 24 40.20 0.993 36.03 0.989 17.59 0.654 16.54 0.586 3.65M  32.23G
SGDN [54] AAAT’25 40.41 0.889 37.25 0.985 20.02 0.691 16.56 0.593 541IM  29.50G
Ours ‘ - 41.04 0.994 36.47 0.989 20.52 0.686 17.49 0.589 5.69M  26.74G

Training Setting. In our methodology, the ADAM optimizer [43] is utilized with spe-
cific parameter settings: 81 = 0.9, 8, = 0.999 and € = 1078, Furthermore, each training
iteration involves the random cropping of 8 patches, with each sized at 3x256x256,
serving as input images. Within each mini-batch, these patches are further enhanced
and augmented, broadening the diversity of the training samples through the applica-
tion of horizontal or vertical flips and 90-degree rotations. The model implementation
is carried out using PyTorch [44] on an NVIDIA 4090 RTX GPU. For the ablation
studies, we utilize the ITS to train all models, where the input patch is 3x256x256,
and the iterations are 200K. Additionally, we calculate the model size and MACs, with

the latter calculated on the 3x256x256 image patch.

4.2. Comparison with State-of-the-Art Methods

We compare our proposed model with fifteen image dehazing models: DCP [45],
DehazeNet [5], GFN [46], GDN [47], MSBDN [48], FFA-Net [49], AECR-Net [50],
MAXIM-2S [51], SGID-PFF [52], Restormer [24], FSDGN [6], Dehamer [11], De-
hazeFormer [10], MBTFormer [13], and DEA-Net [53]. All of these models are trained
and tested on the same datasets for fair comparisons.

Evaluation on Synthetic Dataset. Table 1 provides a quantitative comparison of our
method with other cutting-edge techniques on the widely-used synthetic datasets. It

is clear that our BMM achieves the highest PSNR on the SOTS-indoor dataset, ranks
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Figure 5: The first two rows: Visual comparisons of various methods on synthetic SOTS-indoor and SOTS-
outdoor datasets [39]. The last two rows: Visual comparisons of various methods on real-world Dense-
Haze [41] and NH-HAZE [40] datasets. Please zoom in on the screen for a better view.

second for PSNR on the SOTS-outdoor dataset, and surpasses all other methods in
terms of the SSIM metric. More precisely, our model attains 41.04 dB and 36.47
dB PSNR values on synthetic datasets ITS and OTS, respectively, which surpasses
most of the compared methods. Moreover, it also achieves SSIM scores of 0.994 and
0.989 on these two datasets, demonstrating the promising dehazing performance. It is
worth noting that our model demonstrates the PSNR improvements of 2.58 and 2.41
dB PSNR on SOTS-indoor dataset compared to the representative Transformer-based
method DehazeFormer and the bidomain modeling technique FSDGN. We further il-
lustrate the dehazed outputs from several representative methods on the SOTS-indoor
and SOTS-outdoor datasets, as visualized in the first two rows of Fig. 5. Our method
effectively enhances image details and minimizes color distortions compared to other
techniques, demonstrating the closest resemblance to the original clean images and
achieving desirable haze removal.

Evaluation on Real-world Datasets. Furthermore, we evaluate our method against
previous SOTA methods on two real image datasets, NH-HAZE and Dense-Haze. Ta-
ble 1 shows quantitative evaluation results of our approach and other state-of-the-art
methods. As we can observe, on the Dense-Haze, our model outperforms the MBT-
Former [13] by a 0.83 dB margin while utilizing only 69.5% of its MACs and beats

all other SOTA approaches. The result indicates the efficiency and less complexity of
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Table 2: Component-wise breakdown of the computational cost of the proposed framework. The merge
operations are counted into the backbone part.

Component Params (M) MAC:s (G)

Backbone 1.877 9.145
SIU 1.441 7.103
FAU 0.844 3.606
SFU 1.533 6.891
Total 5.696 26.745

our approach. The visual comparison results on these two datasets are depicted in the
last two rows of Fig. 5. It can be observed that our model yields pleasing dehazing
outcomes on the tree branches, indicating the proficiency of our method in effectively
handling multi-texture features. Overall, the quantitative metrics and visual effects
showcase the efficacy of our method over both the synthetic and real-world scenes.

Component-wise Computational Cost. To further analyze the efficiency of the pro-
posed framework, we provide a component-wise breakdown of the computational cost.
As shown in Table 2, The overhead is primarily dominated by SIU (due to multi-
order modeling) and SFU (due to Monte Carlo sampling). In contrast, FAU introduces

marginal computational cost.

4.3. Ablation Study

For a fair comparison, the model is trained for 200 epochs in all ablation experi-
ments.
Component-wise Ablation of SIU, FAU, and SFU. To quantitatively evaluate the in-
dividual contributions of SIU, FAU, and SFU, we conduct a drop-one-component ab-
lation study on SOTS-indoor. Following the same setting as the order ablation, all
variants are trained on ITS and evaluated on SOTS-indoor. Specifically, we remove
SIU, FAU, and SFU from the full model respectively, while keeping the remaining
framework and training settings unchanged.

As shown in Table 3, removing SIU causes the largest performance drop, from
38.28 dB to 29.88 dB, demonstrating the importance of spatial-channel multi-order
interaction. Removing FAU decreases the PSNR to 35.41 dB, indicating that the inter-

mediate spatial-frequency representation is beneficial for image dehazing. Removing
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Table 3: Component-wise ablation study of SIU, FAU, and SFU on SOTS-indoor. All variants are trained on
ITS and evaluated on SOTS-indoor, following the same setting as the order ablation.

Config. SIU FAU SFU PSNR (dB)T APSNR
Ours v v v 38.28 =
I X v v 29.88 -8.40
1I v X v 35.41 -2.87
1 v v X 35.60 -2.68

SFU also leads to a performance drop to 35.60 dB, showing that spatial-frequency un-
certainty estimation further contributes to robust feature representation. Overall, these
quantitative results verify the individual effectiveness of SIU, FAU, and SFU, as well as
the necessity of the proposed bidomain modeling architecture. As reported in Table 3,
removing SIU causes the most significant performance degradation (APSNR=-8.40
dB), demonstrating the critical role of the proposed multi-order spatial-channel inter-
action mechanism in capturing informative feature representations for haze removal.
This substantial performance degradation is reasonable, since SIU performs hierarchi-
cal multi-order spatial-channel interactions to capture multi-granularity feature rep-
resentations, thereby enabling effective global feature modeling within the proposed
BMMB. Moreover, removing FAU (APSNR=-2.87 dB) and SFU (APSNR=-2.68 dB)
also results in a noticeable performance drops, further demonstrating their effective-
ness in spatial-frequency feature aggregation and robust feature learning, respectively.
Overall, these quantitative ablation results further demonstrate the effectiveness and
necessity of SIU, FAU, and SFU within the proposed BMM framework.

Effect of the Order k of Channel Interaction. We first probe the effect of the number
of orders of channel interactions in SIU on model performance. Specifically, we train
and test our model with different times of channel attention, which is represented by
k = 0,2,4,8, respectively. The minimum value of k is 0, which means there is no
channel attention, and the maximum number of channel attentions we explored is set
as 8. Then starting from 2, the channel order k of next network doubles. As illustrated
in Fig. 6 (a), it is evident that the PSNR has a peak value when the order k equals 4. As
we expected, after channel attention is introduced, the model gains a better PSNR score

than the model without channel attention. This indicates that our progressive channel
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Figure 6: The ablation studies of the order k of channel interaction and the order p of FRFT.

Table 4: The study of different combinations of ¢ and k, where ¢ denotes the number of channels of the
overall model and k denotes the order of channel interaction in SIU.

c=20 c=32
Method k=2 k=4 k=3 k=2 k=4 k=3
PSNR (dB) 37.97 38.28 37.37 38.73 38.91 39.08
#Param (M) 5.65 5.69 579 1434 14.41 14.53
MACs (G) 26.21 26.74 27.82 65.53 66.25 67.69

attention design is effective in feature extraction. However, when k exceeds 4, the result
falls back. There may be two reasons: 1) The increase in the number of interactions
causes the gradient to become unstable, eventually leading to gradient explosion or
gradient vanishing. 2) Excessive channel interaction order results in overly complex
extracted features, hindering subsequent modules from effectively utilizing these high-
order interaction-derived features.

To further investigate the related reasons, we conduct another experiment with in-
creased the number of channels ¢ of the overall model, as shown in Table 4. Intrigu-
ingly, the results reveal that employing larger-scale models yields additional perfor-
mance enhancements with larger k values. However, the significant escalation in pa-
rameters and computational load is a drawback we seek to avoid, thus ¢ = 20, k = 4 rep-
resents a well-balanced choice when considering the trade-off between various factors.
Nonetheless, this suggests the potential of the proposed high-order spatial interaction
in scenarios where computational resources are ample.

Effect of the Order p of FRFT. We investigate the effect of the order p of FRFT

within our FAU. Specifically, we select four different orders including O (spatial), 0.25,
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FAU out

Figure 7: The visualization of feature maps within the proposed BMMB. The left group displays hazy and
clear images; the middle group displays the corresponding feature maps obtained by different orders of
SIU; the right group displays the feature maps from different orders of FAU. These visualizations illustrate
the efficacy of our design from two perspectives: (1) within two multi-order units, feature maps become
more distinguishable as the order increases, emphasizing the escalating responses; (2) distinct high-order
operations showcase unique responses, demonstrating the diversity in feature representations.

Table 5: The comparison of different loss functions.

Model (a) (b) (©) (d

PSNR (dB) 38.28 35.91 37.82 35.60
#Params (M) 5.694 5.694 5.694 4.902
MACs (G) 26.74 26.74 26.52 22.90

0.5, and 0.75 for comparison, with the results reported in Fig. 6 (b). Based on the
outcomes in the table, the optimal result is observed when the order p is set to 0.5,
which means a rotation angle of 7. This suggests that a balanced contribution be-
tween frequency domain and spatial domain components leads to an increased ability
for decoupling, enhancing overall performance. Furthermore, the model with p = 0.5
achieves a PSNR improvement of around 1 dB compared to the model that operates
solely within the spatial domain. This indicates that the information separation capa-
bilities depending exclusively on either the spatial or frequency domain are typically
limited, and a richer feature set leaning towards an intermediate domain can lead to
more thorough separation.

Effect of Intermediate Loss Function. We further conduct ablation studies to inves-
tigate the impact of extending the BMMB into a Bayesian framework and the related
intermediate loss. There are four variants considered: model (a): the BMMB is ex-

tended to the Bayesian framework, and the spatial and frequency loss supervises all the
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Figure 8: The visualization of spatial and frequency uncertainty. The first row of each group: the results
from the SIU. The second row of each group: the results from the FAU. The network’s spatial uncer-
tainty maps align with error maps, showing the awareness of errors and intractable regions. The higher
uncertainty in high-frequency components also suggests the network prioritizes low-frequency features over
high-frequency ones during training.

intermediate outputs; model (b): the intermediate prediction still consists of multiple
MC samples, but the mean of the distribution is only supervised by the spatial loss;
model (¢): the intermediate prediction is the point estimation and is supervised by the
spatial and frequency loss; model (d): there is no intermediate output and correspond-
ing supervision. The results are shown in Table 5. Note that since the prediction from
the intermediate layer requires additional convolutional layers (and MC sampling), the
number of parameters and MACs will increase slightly.

As we can observe, compared to model (c), model (a) achieves the best performance
and maintains the uncertainty output that indicates confidence in the prediction, with
slight parameters and MACs increase. The inferior performance of models (b) and (d)
shows that the intermediate loss and supervision in the frequency domain are essential
for better performance.

Feature Map Visualization within the BMMB. To further demonstrate the feature
representational abilities of the proposed BMMB, we present the visualization of fea-
ture maps within the BMMB. The input feature map of BMMB will sequentially pass
through SIU and FAU. As displayed in Fig. 7, feature maps of the two multi-order
units become more distinguishable as the order increases, emphasizing the escalat-

ing responses; moreover, distinct multi-order operations showcase unique responses,
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demonstrating the diversity in feature representations. Overall, with these two core
designs, our BMMB is capable of effectively capturing more informative and discrim-
inative features, benefiting the haze removal.

Spatial Frequency Uncertainty Visualization. By extending our BMMB into the
Bayesian framework, spatial and frequency uncertainty can be obtained. Fig. 8 visu-
alizes one image from the ITS test data. The first column represents hazy and clear
images, respectively. From the second column to the last one, the error map, spatial,
and frequency uncertainty (all from the last block) are shown in order. The first row
represents the results from the SIU, and the second row represents the results from
the FAU. We can observe an obvious correlation between spatial uncertainty maps and
error maps, indicating that our proposed network is aware of errors and intractable
degradation regions during the testing phase. Notably, the frequency uncertainty of
the high-frequency components is larger than that of the low-frequency components,
which indicates that the dehazing network is more inclined to fit the low-frequency part
rather than the high-frequency details during the training.

To investigate whether there are specific characteristics and tendencies in the fre-
quency domain in other blocks, we also visualize the output mean/variance of magni-
tude in the frequency domain for each FAU block of the decoder (the 4-7-th blocks),
as shown in Fig. 9. As we delve deeper into the decoder, the range of high-frequency
details expands, while their variance decreases. This suggests that deep blocks are pro-
gressively more adept at refining hazed high-frequency details and we may need more

high-frequency supervision information in the deeper layers of the network.

5. Discussion

Although the proposed BMMB achieves competitive dehazing performance on
both synthetic and real-world benchmarks, the current experiments mainly focus on
image dehazing. Its applicability to other image restoration tasks, such as image
desnowing and deraining, remains to be explored. In addition, this work is limited
to single-image dehazing, while video dehazing involves additional challenges, such
as maintaining spatial-temporal consistency and handling real-world dynamic scenes.

Therefore, extending BMMB to video dehazing is an important future direction.
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Figure 9: The visualization in the frequency domain. Along with the hazy and clear images and their
magnitude in the frequency domain, the mean and variance of magnitude in the frequency domain for 4-
7th blocks” FAU are displayed respectively. As the decoder progresses, the range of high-frequency details
increases, while their variance decreases. This indicates that deeper blocks are more effective at refining high-
frequency details in hazy images, suggesting that additional high-frequency supervision may be required in
the deeper layers of the network for improved performance.

In the future, 1) we will further attempt to investigate the potential of adaptive high-
order interactions in our core BMMB; 2) we will extend our framework to other image
restoration tasks like image desnowing and image deraining; 3) we will investigate the
extension of BMMB to video dehazing by incorporating temporal modeling into the
current spatial-frequency framework; and 4) we will apply the proposed multi-order
modeling design to the currently popular generative diffusion framework, offering a

promising avenue for balancing efficiency and expressiveness.

6. Conclusion

In this paper, we propose a spatial-frequency (i.e., bidomain) dehazing framework,
which is built upon a novel yet efficient bidomain multi-order modeling block termed

BMMB. To be specific, our proposed BMMB consists of a spatial interaction unit (SIU)
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and a frequency aggregation unit (FAU). The SIU aims to learn local and global depen-
dencies through spatial-wise and channel-wise multi-order modeling design. Subse-
quently, the FAU applies the Fractional Fourier Transform (FRFT) with flexible spatial-
frequency representation capabilities to process the hierarchical feature information ex-
tracted from the SIU, enabling more effective information aggregation. In addition, we
introduce the spatial-frequency uncertainty capable of incorporating the degradation
priors into feature learning within the above two components, achieving robust repre-
sentation. Experiments on multiple benchmark datasets demonstrate the applicability

of our dehazing framework assembled by the proposed BMMB.
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